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A special code describing transport of neutral hydrogen atoms in a hydrogenic plasma
has been written. Test comparisons with solutions based on a neutron transport code show
that the accuracy is good and the execution time is improved by a factor of six. The code
accepts arbitrary, smooth electron and ion density and temperature profiles. Maximum
temperatures permitted for accurate results are about 5 keV.

1. INTRODUCTION

The interaction of neutral hydrogen atoms with the background hydrogenic plasmas
is an important component in the physics of tokamak plasmas. These neutrals affect
both the particle and energy balance of the plasma, providing a source of new plasma
and a channel for cross field heat transport. In addition, hot neutrals which leave the
plasma volume can interact with the wall of the plasma chamber, sputtering impurities
into the plasma and (in reactors) possibly damaging the wall. Finally, these hot
neutrals can also be used for plasma diagnostics. Accordingly, a description of
neutral transport is of interest to surface physicists, plasma diagnosticians, and
builders of plasma transport codes.

The problem of netural hydrogen transport is very similar to that of neutron and
photon transport. Thus, at first glance, it would seem to require little work to adapt
one of the latter codes to our present problem. (Indeed, this has been advocated [1]
and is being carried out at Oak Ridge National Laboratory [2].) However, since
such codes usually run as a complete program, rewriting them into a subroutine for
a plasma transport code is not a trivial undertaking. More importantly, these codes
tend to be rather slow, since they are designed to solve the Boltzmann transport
equation including the complicated neutron collision terms. The neutral behavior
is governed by very simple cross sections; consequently, one can create a much faster,
more compact code by writing a special-purpose routine based on an integral transport
equation. (According to Hogan’s review of plasma codes [3], this do-it-yourself
approach seems to have been taken by most fusion groups that have written plasma
transport codes.)

A neutron transport code has, however, been used to check the results of the present
work. The agreement is good, and the test runs confirm that the special-purpose code
88
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is at least a factor of six faster. Since the neutral code is the slowest major element
in the plasma transport code, this results in a significant improvement in execution
time for that code.

At present, the code has the following features. Arbitrary smooth electron and ion
density and temperature profiles are allowed. The calculation can be done for any
hydrogen isotope. The code can calculate the neutral number density s(r), the neutral
average energy w,(r) = {mv¥(r, v)/3n(r)) and the phase space distribution function
at the plasma edge of those neutrals whose velocities are outwardly directed. The
neutral interaction with the wall is modeled as a diffuse reflection in which the
incoming neutral is assumed to thermally accommodate with the wall and thus to
return at the wall temperature. The code is limited to electron and ion temperatures
below about 5 keV by the assumptions made about the ionization rates.

The discussion of the code will be organized in the following manner. In Section 2,
the integral equation will be obtained from the Boltzmann transport equation, while
in Section 3, the methods used to program the discrete form of the integral equation
will be discussed. Some of the programming methods used to speed execution are
discussed in Section 4, while Section 5 closes the paper with a comparison of the
results of the present code with a neutron transport code.

2. INTEGRAL EQUATION

To properly formulate the problem of neutral hydrogen transport, the Boltzmann
equation must be used. The scale length of the background plasma can be shorter
than the neutral mean-free paths for ionization and charge exchange, which makes a
treatment based on the moment (fluid) equations questionable. [Such a treatment is
especially poor for low density plasmas (10'* cm—2 density) in the smaller of present-
day devices (dimensions 10 to 20 cm).]

Since present tokamak minor radii are tens of centimeters, and since the plasma
transport time scale is milliseconds or longer, the steady-state Boltzmann equation is
appropriate for the neutrals. Considering the cross sections given by Freeman and
Jones [4], the dominant interactions for neutrals in hydrogen plasmas with electron
and ion temperatures below about 5 keV are ionization by electron impact and charge
exchange with ions. (We assume there are sufficiently few neutrals in the system that
their self interactions can be neglected.) This leads to the following steady-state
kinetic equation

VoV ) = = [ [V =V [ aunfi(, V) F(x, ) d%
+ [ 1V =V 0l %, V) £l V) — F(X, VA VA (1)
where £, /. , and f; are the neutral, electron, and ion distribution functions, respectively,

and o,, and o, are electron ionization and charge exchange cross sections, respec-
tively.
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In principle, the right-hand side of Eq. (1) should also include terms describing
the interaction of the neutral atoms with the other ions that may occur in the plasma
(e.g., oxygen, carbon, etc.). Charge exchange is the most important of these. Unfor-
tunately, there are no cross sections available for charge exchange with highly stripped
ions in the energy range of interest for present-day machines (E < 1keV). Thus,
in the absence of knowledge, these terms were left out.

For roughly equal energies, the electrons have much greater speeds than the
neutrals. Accordingly, the ionization rate coefficient, «, is independent of neutral
velocity. In addition, as given in Freeman and Jones [4], vo,(v) is a slowly varying
function of energy £ = mv?/2 for E < 20 keV. Consequently, it will be taken to be a
constant C. Under these assumptions, Eq. (1) becomes

Ve Vf(x, V) = —A(X) f(x, V) + B(X) F(x, V) n(x) @

where A(x) = n,(x) a(x); B(x) = n;(x)C; and n(x), n,(x), and »n,(x) are the neutral,
electron, and ion number densities, respectively. Here, F(x, v) is the ion velocity
distribution function normalized to unity, i.e., [ d*vF(x,v) = 1.

The approximations of the cross sections are fundamental to the method used here.
Since the reaction rates are the same for each neutral, regardless of its velocity, it is
not surprising that it is possible to reduce Eq. (2) to an integral equation for neutral
number density. (These approximations are not new; they have been used at least
twice before [5, 6].)

We will assume that the plasma looks like an infinitely long cylinder of radius a,
and we will take A(x), B(x), and F(x, v) to be functions only of radius. Accordingly,
the effects of poloidal curvature of the plasma will be properly handled, but variations
due to toroidal curvature will not be.

It is now convenient to transform the differential operator in Eq. (2) into cylindrical
coordinates. Taking advantage of the cylindrical symmetry and axial invariance,
we find [7]

o v, . of

v-Vf:—-v,COSwa—r—Tsmw—a; 3

where r = (x2 4+ yH'2, o = tanYo,fv,) — tanX(x/y), v, = (v, + v, )% Here
(x, v, z) and (v, , v, , v,) are the usual cartesian coordinates and velocity components,
respectively. From now on, we will think of f = f(r, w, v, , v,).

Before Eq. (2) can be uniquely integrated, we must specify boundary conditions.
Unfortunately, there is a lack of experimentally measured neutral reflection coeffi-
cients for surfaces and energy ranges of interest. Consequently, the simplest boundary
condition that meets the intuitive requirements has been chosen, the so-called diffuse
reflection condition,

f(a, w,v,,v,) = fo(¥) + Roho(v) TL(f), 127- SoS 37” @
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where f,(v) and hy(v) are given distribution functions and where I",( f) is the one-sided
radial flux,

r'(f) = f dvrj dvzf " dw v,2 cos wf(a, w, U, , v,). (5)

—7/2

We flux normalize A4(v) so that

@ +© 3w /2
f do, [ do, f dew 0,% cos why(v) = —1. (6)
0 —© n/2

In Eq. (4), the distribution function fy(v) represents the neutral source on the wall
due to plasma that is recombining there, while the other term models neutral collisions
with the wall. In general, neutral-wall collisions in this model do not conserve
particles or energy. By choosing R, = 1, particle conservation is assured. Since
neutrals generally lose energy on collision, we do not require an energy conserving
model.

Notice that Eq. (4) is a linear superposition of two known source terms, f; and 4, .
Only the coefficient I",( f) is unknown. Since Eq. (2) is linear in f(x, v), we will solve
Egs. (2) and (4) for a fixed R, # 0 by first solving two problems with R, = 0 (one for
each source term), and then taking the proper superposition of the two solutions.

We can obtain the integral equation from Eqgs. (2) and (4) in the manner shown in
Appendix A. The result for general fi(v) and F(r, v) is given there; the case that is of
most interest is when these distribution functions are Maxwellian. For this latter case,
we find

) = hr) + [ dp Klp. 1) n(e) ©
where
o= 2o [P [ (G2 6 (HEEA)
/2 do
K(p,r) = V?;Z)(p) j. (p-F — pZsin® O)12
ps,pe, (p>, p<, 0
o (Heb ) s (st o

p> = max(p,r),  p.= min(p,r),

Ai(ps, pes 0) = | Arl(p>% — p 2 sin® )2, p_sin 0] £ Ar(p. cos b, psin )],

(10)

Ar(x,y) = [ dE AL + 97, an

Gulx) = —— [ dn 7" exp(—n® — x/1). (12)
’\/77' 0

Here, the velocities vy and v4,(r) are the thermal velocities in fi(v) and F(r, v), respec-
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tively. The factor n, is the density of neutrals associated with the source term fy(v).
It can be determined from the equation

g Iy My

Va o TV

where I, is the outgoing plasma flux at the wall and represents plasma recombination
while n, is any additional background neutral density that the user wishes to specify.

The numerical solution of the problem posed by Eqgs. (7)-(13) is the subject of the
next section. Here we wish to conclude by indicating how one can obtain other
quantities of interest once n(r) is known.

For those who work with plasma transport codes, the average neutral energy is of
interest. This is the term that appears in the ion-neutral energy exchange term and is
defined as

(13)

wa(r) = ( D) < (r, V). (14)

Using the form for f(r, v) found in Appendix A, a straightforward calculation yields

Wa(r) = T dr) + 57— — T{DTh(r) + 3 Twhr(r)

3n( ) ;
| 2 @
+3 ] do Kelp. 1) (o) Ti(p) (15)

where Ty(r) = mv%(r)/2 and Ty = mvy?*2. The functions () and Kr(p,r) are
identical in form to A(r) and K(p, r) except that the G,’s and Gy’s are replaced by Gj’s
and G,’s, respectively.

For plasma diagnostics and surface physics applications, one also wishes to know
the distribution function of outgoing neutrals at the wall. This is given by

. 2
f(aa w,U,, vz) :f()(vr H Uz) CXp [“ -LT AT(rl ’ ro)]

o [ de (exp | = 5 Lot ) — AxtE, )
-+ exp g— 21: [Ar(ry, ro) + A€, ’0)];)

B 6 v, ) ) (19

where p(§) = (£ + @*sin? w)'2, r; = qcos w, and ry, = asin w.

Thus, we have shown that the original Boltzmann transport equation can be
reduced, in this case, to a one-dimensional integral equation. This eases the numerical
problem considerably, since we seek n(r) instead of f(r, v). Once n(r) is known, any
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quantity of interest can be computed by evaluating the appropriate integral. As
mentioned previously, this great simplication would not have been possible without
the assumptions made about the rate coefficients « and C.

3. DISCRETE APPROXIMATIONS

For numerical work, the integral equation (7) must be written as a matrix equation
by approximating the integral as a sum by means of a mechanical quadrature. If n
abscissas are used in the quadrature, the work necessary to evaluate K(p, r) scales as n2.
Consequently, it behooves us to choose a Gaussian quadrature [8], since this gives the
best accuracy for the fewest number of base points.

Gaussian quadrature formulas do not, of course, have equally spaced abscissas.
Accordingly, the internal base points in the code will not correspond in general to the
grid points used, for example, in the plasma transport code. Input quantities such as
electron and ion densities and temperatures will have to be interpolated to find their
values at the internal base points; after the solution is complete another interpolation
will be necessary to find neutral density and average energy values at the external
points. However, this is a small price to pay for the great savings in execution time
that a reduction in n brings. (In a slab geometry neutral code that I have written,
changing from trapezoidal rule to Gaussian quadratures reduced execution time by a
factor of 10.)

Most Gaussian quadratures use base points internal to the interval of integration.
This is inconvenient, since we wish to know quantities such as »(0) or n(a). For this
reason, a Lobatto quadrature [8] was chosen, which uses the endpoints of the interval
as two of the base points.

Unfortunately, due to the behavior of K(p, r) as p — r, we cannot simply substitute
the quadrature sum for the integral in Eq. (7). Analysis of the expression in Eq. (9)
for the kernel K{(p, r) shows it to have a logarithmic singularity in the limit p — r.
To cope with this problem, Eq. (7) can be modified to read

n)[1 = [ do K, p)] = ) + [ dp (Ko 1) ) — K py )], (1)

The integral on the right-hand side is now well behaved and the Lobatto quadrature
can be applied in a straightforward manner. The integral on the left-hand side can be
done using quadrature formulas developed by Krylov and Paltsev [9]. (The appearance
of the unknown function n(p) in the integrand in Eq. (7) makes it difficult to apply
these latter formulas to that integral directly.)

The discrete form for Eq. (7) can now be written as

nr) [1 =16 + % wik(re, )] = W) + ¥ wikGy, r)nr)  (19)

jo£i J#i
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where r; and w; (i = 1,2,...,n) are the abscissas and weights for the Lobatto
quadrature and where

1@=f@ﬂw) (19)

Having obtained the matrix form in Eq. (18), we now seek to solve for n(r;). This
could be done by direct elimination, since the usual value of n is 22. However, to
preclude problems with roundoff, an iterative solution method, normalized Gauss-~
Seidel iteration, was chosen. This is similar to the usual Gauss-Seidel method [10],
but after each complete iteration, the new solution vector n(r;) is multiplied by a
constant that insures particle conservation. This should speed up convergence. (See
Honeck {11] for tests of an analogous scheme.) The detailed derivation of the con-
servation integral is given in Appendix B. Since the calculation of the matrix K(r; , r;)
essentially determines the execution time, this refinement of renormalizing is perhaps
not really necessary.

As was mentioned in the previous section, the numerical solution first obtained is
that appropriate for a system with R, == 0. We now wish to effect the linear super-
position that leads to the complete solution. This is particularly easy at present, since
hy(v) in Eq. (4) is taken to be proportional to fy(v). This means that the R, = 0
solution and the R, 5= 0 solution simply differ by a constant factor, which can be
determined from Eq. (4). For the case that f,(v) and F(r, v) are Maxwellian, a straight-
forward calculation gives the constant factor y to be

y = (1— RpCy)~* (20)
where

2A41(r1, 7o) )
Uw

C,=2 f;/z dw cos wG, (

2 4 m/2
nease | o pBE) () [ b

x |G (A;%Q) + G, (-A——l%(?’)’)’—e—))]. @1

_+_

The original solution must be multiplied by y to become the R, = 0 solution.

Solutions for the cases with A,(v) different from f(v) would run almost as rapidly
as the present one, since the iterative solution is much faster than evaluating K(r; , r;).
However, in the absence of information on what Ay(v) should be, the simpler path
was chosen.

4, PROGRAMMING CONSIDERATIONS

As is obvious from the definition of K(p, r) in Egs. (9)-(12), efforts to compute
Ax(x, ¥) and G,(x) as rapidly as possible will be well repaid. Each of these functions
must be called roughly ten thousand times to evaluate the K(r;, r;) matrix.
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Since G,(x) is a real function of a real variable, it is quite amenable to the usual
approximation techniques. Quick, accurate polynomial and rational Chebyshev
approximations have been developed using the techniques given by Cody et al. [12].
These are used for 0 < x < 10, while the asymptotic expansion [13] is used for larger
values.

As a function of two variables that is also implicitly dependent on the electron and
ion density and temperature profiles, the calculation of 4(x, y) appears to be much
more difficult. Actually, that very dependence on the physical parameters can be made
the basis of a fast algorithm by taking advantage of the fact that A(r) is a smooth
function of r. Accordingly, it is reasonable to approximate it as a power series in r

A(r) = i a,r*. (22)

Only even powers are necessary since the electron and ion densities and temperatures
are cylindrically symmetric.
With this representation, we may write

Ar(p* — rD'V3, 1] = Z an"gnﬂbn(f’/ro)- (23)
n=0

The b,, satisfy the convenient recursion relation
rgn+1bn = (2n + 1)—1[(P2 _ ,.02)1/2 pzn + an02 . rg(n—1)+1bn—1]‘ (24)

When the program is first called, the a, are evaluated (typically, ten are used); then,
whenever A, are required, Eqs. (23) and (24) are used to find the corresponding A;’s.

Because of our assumption that A(r) can be approximated by a polynomial, the
present version of NEUCG will not work properly when A(r) varies too rapidly as,
for example, it would if n,(r) or n,(r) were step functions. Caution should be exercised
in attempting to run such cases. However, any n,(r) and #n,(r) smooth enough to be
properly approximated on the 100 point grid typically used in plasma transport
codes should not pose any problem for the A(r) and A;(x, y) algorithms.

The method for calculating the ionization rate « and charge exchange rate C should
also be mentioned. The fits to the Maxwellian rate coefficients developed by Freeman
and Jones [4] are used. Notice that o« = «(T,(r)) while C = C(T,(r)). By allowing C
to depend on T;, we rectify some of the error that our original approximation of
vo.(v) = constant may have caused.

One final point needs to be made. At present, the code will only handle the problem
of one hydrogen isotope moving through a plasma whose ions are of the same isotope.
Thus, tritium transport in a tritium plasma will be properly calculation, but tritium
in a deuterium plasma will not be.

5. Test Runs oF NEUCG

Comparisons runs were made on a UNIVAC 1110 and a DEC-10 to search for
differences between the answers from NEUCG and the neufron transport code

581/27/1-7
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DTFX, a variant of DTF-1V [14]. DTFX is a multigroup, discrete ordinates neutron
transport code. The results for n(r) and w,(r) are shown in Figs. 1 through 3 for
various plasma density and temperature profiles. For these cases, the DTFX runs
used the same vo,,(v) = C(T;) assumption that is used in NEUCG. The agreement
between the results of the two codes is quite good, with the agreement for n(r) being
better than 10 9/ on the average while that for w,(r) is better than 5.

In the uniform plasma temperature cases in Figs. 1 and 2, the execution time for
DTFX is about three times that for NEUCG. In the nonuniform temperature case
of Fig. 3, which is more similar to the plasma transport code environment, DTFX is

100

2
AVERAGE ENERGY (eV)

NEUTRAL DENSITY (cm-?)
2

-
-3
~

10¢

ricm)

Fic. 1. Neutral density and average energy as calculated by NEUCG (solid line) and DTFX
(dashed line) for the case n, = n; = 10%cm=3, T, = T; = 100eV, T, = 1¢eV, [, = 10¥ cm~2
sec™!, and Rp = 0. Plasma radius a is 45 cm.

about a factor of 6 slower. Accordingly, the present code represents a significant
savings in execution time. In addition, although studies were made to optimize the
number of spatial intervals, energy, and angular groups used, DTFX still required
55K storage on the UNIVAC-1110 for the case shown in Fig. 3. For the same case
and machine, NEUCG used 6K.

It is interesting to note that the w,(r) profile in Figs. 1 and 2 show that it is possible
to have w,, > T . In other words, in this case the neutrals would cool the ions at the
edge, but heat them in the center. This is not what one would first expect. It is caused
by the fact that the plasma acts as a velocity filter, i.e., those particles with higher
speeds travel farther. Accordingly, the neutral population near r = 0 is enriched in
high energy particles, causing the rise in w, . However, this rise in w, is not too fast,
for we see in Fig. 3 that w,(r) < Ti(r). Since Fig. 3 is closer to the real tokamak case,
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Fic. 2. Plots as in Fig. 1 but for n, = n;, = (5 — 4 r*/a®) x 10® cm-, All other parameters
are those of Fig. 1.
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Fic. 3. Plots as in Fig. I but for n, = n; = (5 — 4 r%/a?) x 10 cm-* and Te=T; = (1.0 —
0.9 r2/a®) keV. All other parameters are those of Fig. 1. Also shown is the plasma temperature (dot-
dashed lines),
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it will probably be the case that the neutrals usually cool the ions. However, it is
possible for the neutrals to locally heat the ions.

In Fig. 4, examples are given of the code option which returns the distribution
function of outgoing neutrals at the plasma edge. The code will evaluate the distri-
bution function f(a, v) at various values of v specified by

v, = vsin 8 cos ¢,
v, = vsin 0 sin ¢,

v, = vcos b,

where v = (2E/m)'/%, and FE is the particle energy. Knowing this, one can calculate
the neutral flux per unit energy per unit solid angle as is shown in the figures.

10'7
10'8 -
10"
101
103
102

10+

1010

SPECIFIC FLUX (cm 2 sec ' keV~! sr 1)

100 1 1
] 2 4 6 8 10

ENERGY (KeV)

FIG. 4. Plot of the specific flux (flux/unit energy/unit solid angle) versus particle energy for the
case in Fig. 2 (left-hand curve) and in Fig. 3 (right-hand curve). The flux is evaluated at the surface
of the plasma for those particles whose velocity is normal to the surface.

Employing the true cross section for charge exchange, Pfeiffer [15] has made
calculations using DTFX to investigate how large an error is produced by our
approximation of that cross section. He has found that the n(r) values in the outer
portion of the plasma agree quite well while those in the center may be off by a factor
of two at worst. Hence, in the region where the neutrals are relatively numerous, the
present code does an adequate job of calculating their behavior.

APPENDIX A
In this section, the actual analysis leading from the Boltzmann transport equation

to the integral equation for n(r) will be carried out. The derivation is similar to
others used to obtain the integral transport equation [16]; however, since the reaction



NEUCG: TRANSPORT CODE FOR HYDROGEN 99

rates in this problem are independent of the neutral velocity, the final answer can be
cast in a simpler form. The derivation is done using velocity variables, rather than
energy and angle variables [16], since the invariance in the z direction makes v, an
ignorable coordinate, thus simplifying the computation.

Combining Eqs. (2) and (3) in the text, the equation we wish to integrate is

, oS @ g{ — Y sinw % — A, 0, vy, 1) + B E(r, V) ). (A1)

The boundary condition of interest is
fla, w,0,,0) =f(V), 72 <w <372 (A2

To effect the integration, we need to use the characteristic coordinates of the
differential operator in Eq. (A.1). These are

X =rcosw,
(A3

Y = rsin w.

They transform the left-hand side of Eq. (A.1) to v, 6f/oX. For simplicity, we will
assume that f(v) and F(r, v) are independent of w.
Integrating Eq. (A.1), and employing Eq. (A.2), we have

X

FOH Y00 = fi exp |— o ¢ Alp(é, V)

—(a?—Y?)l/2

+ fx d exp §~v%f:dlA[p(1, ”12 BLPL%QI

_(a2—Y?)1/2

X F(p(¢, Y), v, , v,) n[p(€, Y)] (A4

where

pé, Y) = (£ + Y2

In Eq. (A.4) we have an important intermediate step in our derivation. This equation
will allow us to calculate the neutral distribution function once n(r) is known.
Consequently, we can find any moment of the distribution function that we require.

We now wish to integrate Eq. (A.4) over the velocity variables to obtain the
integral equation. First we will perform the w integral. Employing the symmetry in w,
we find
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27 (2
| do fr, w00, 0) =2 [ d [F(X, Y, 0,0 + F(—X, Y, 0, ,0)]
0 0

{2
= 2fo(v, , 1) J; dw exp %— vi Ar(a® — Y2372, Y];

X lexp [vi ArX, Y)] + exp [~ T}:AT(X’ Y)]$

+2f dwf

< Bl 1)

(a2—Y2)l/2

df exp [~ 7 | Ar(X, V) — A1(¢, V)]

(a2-Y2)1/2
F(p(¢, Y), v, v) nfp(£, Y)] (A5)

where A-(X, Y)is defined in Eq. (11) in the main text.

We now perform the following changes of variable in the second integral in
Eq. (A.5). First, using the symmetry in £ and the definition p = (£2 + Y?)'/2, convert
the £ integral to one over p. Then make the substitution r sin w = p_sin § in the w
integral and exchange the order of 8 and p integrals, taking care to put the proper
limits on each. (The quantity p_ is defined in Eq. (9).) After this, we may integrate
over v, and v, to finally obtain

nr) =2 f: vy dor folvy) sz dw gexp [, AL(‘L""_“_’L]

U,

+exp [ LN 12 [ dp pBGe) ) [ o Fep v
: ps 1 pes
<], (os” — piz sin? g7 Jexp [~ ““(P—_P“—)]
-+ exp [- ﬂpﬁ—ljpi’—q)—]; (A.6)

where A, are defined in Eq. (10) and fi(v,) and F(p, v,) are fy(v, , v,) and F(p, v, , v,)
integrated over v, .

Equation (A.6) is the result we were seeking. To further simplify the integrals,
forms for fy(v,) and F(p, v,) must be chosen. When these are Maxwellian, the main
text results are obtained.

APPENDIX B

The normalization step in the normalized Gauss-Seidel iteration adjusts the trial
solution to insure particle conservation. The basic conservation equation is

al@ = — [ " dp pna(p) odp) n(p) (B.1)
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where I'(@) is the neutral flux at r = a. This is, of course, just the integrated form of
the continuity equation.

I'(a) is the net flux, the difference of the inward going (I"_) and outward going (I",)
single-sided fluxes. For the case R, = 0, we have for the first

e [ [ [ oot
0 ©

n/2

=2 [ do, v2f(v)) (B2)
0
while the second is given by

800 400 /2
' = 2J dv, vﬁf dv,J. dw f(a, w, v, , v,) cos w. (B.3)
0 — 0
Employing the form for f from Eq. (A.4) and using the same changes of variables as
were used to obtain Eq. (A.6), we may express I", in terms of integrals over n(r) and
Jfo(v,). Consequently, Eq. (B.1) can be rewritten as

2 [ do pBo) nGo) [ oy 0,F(p, 0 [ 8 ferp [ 20220

Uy

A_(a, p, 6)

+ exp [~ LN 2 [ dp o) ) o)

=2 J:o dvy v,%fo(v;) 31 - foﬂlz dw cos w exp [— ﬁ@#&ﬂ]}_ (B.4)

Notice that the right-hand side of Eq. (B.4) is independent of n(r) while the left
depends on integrals over it. Any trial solution 7,(r) can be renormalized to conserve
particles by calculating the left- and right-hand sides of Eq. (B.4) separately and then
multiplying n,(r) by the factor needed to make them equal.

For the case considered in the code where fi(v) and F(r, v) are Maxwellian, Eq. (B.4)
reduces to

% fa dp g\%(pz) ne) | " a6 [6: (ﬂ‘_”_f’;@) + 6, (A—(a, P, 0))]

v, Ur
© ‘1_1 j dp pn(p) «(p) n(p)

= 2”‘5’;; [1 -2 J:lz dw cos wG, (ﬂ%’—sﬂ—)] (B.5)

Performing the p integrals in Eq. (B.5) by Lobatto quadrature is straightforward,
since both integrands are well-behaved.
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